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Background

A naive question...

Imagine a two- or three-dimensional object made up of n identical
"cells" that can be colored using g colors. How many colorings of
the object are possible ?
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Background

A naive question...

Imagine a two- or three-dimensional object made up of n identical

"cells" that can be colored using g colors. How many colorings of
the object are possible ?

~> For each cell, we have g choices, so g" possibilities.
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Background

A naive question...

Imagine a two- or three-dimensional object made up of n identical
"cells" that can be colored using g colors. How many colorings of
the object are possible ?

~> For each cell, we have g choices, so g" possibilities.

For example, consider a cube and suppose that 2 differents colors
are available.
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Background

A naive question...

Imagine a two- or three-dimensional object made up of n identical
"cells" that can be colored using g colors. How many colorings of
the object are possible ?

~> For each cell, we have g choices, so g" possibilities.

For example, consider a cube and suppose that 2 differents colors
are available.

~ 20 = 64 colorings of the cube.
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Background

. but a non trivial answer !

rotation
~ A
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Background

... but a non trivial answer !

rotation
~ A

Now, we identify two colorings whenever one can be transformed
into the other by manipulating the object.
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Background

. but a non trivial answer !

rotation
~ A

Now, we identify two colorings whenever one can be transformed
into the other by manipulating the object.

Under this assumption, how many colorings of the object are
possible ?
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Background

. but a non trivial answer !

rotation
~ A

Now, we identify two colorings whenever one can be transformed
into the other by manipulating the object.

Under this assumption, how many colorings of the object are
possible ?

~ The answer is less obvious and requires the use of group actions.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

g-colorings

Definition (g-coloring)

Given a nonempty finite set E and a positive integer g, a
g-coloring of E is a map from E to {1,...,q}.
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Group action on the set of colorings

Colorings and group theol . h
rings and group i Equivalence of two colorings

g-colorings

Definition (g-coloring)

Given a nonempty finite set E and a positive integer g, a
g-coloring of E is a map from E to {1,...,q}.

Notation. C(E, q) := {g-colorings of E}.
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Group action on the set of colorings

Colorings and group theol . h
rings and group i Equivalence of two colorings

g-colorings

Definition (g-coloring)

Given a nonempty finite set E and a positive integer g, a
g-coloring of E is a map from E to {1,...,q}.

Notation. C(E, q) := {g-colorings of E}.

Example. Consider a domino D:l , and assume that blue and
green are the only available colors.
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Group action on the set of colorings

Colorings and group theol . h
rings and group i Equivalence of two colorings

g-colorings

Definition (g-coloring)

Given a nonempty finite set E and a positive integer g, a
g-coloring of E is a map from E to {1,...,q}.

Notation. C(E, q) := {g-colorings of E}.

Example. Consider a domino D:l , and assume that blue and
green are the only available colors.

Here, E = {A,B}"=" , and { ,2}"=" , green}.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

g-colorings

Thus
(B — {1,2} E — {1,2}
A — 1 , A & 1,
B — 1 B — 2
E.q) =
C(E.q) E — {12} E = {1,2}
A — 2 , A — 2
B — B —

{I:I:II:II:I-}

6/23] Jérémy ALPACCA Coloring problems



Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

The group action

Let E be a nonempty finite set, g a positive integer and let G be a
finite group acting on E.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

The group action

Let E be a nonempty finite set, g a positive integer and let G be a
finite group acting on E.

Notation. For every g € G and for every f € C(E, q), we denote
by g - f the element of C(E, q) defined for every x € E by

(g-F)(x)=F(g"-x).
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

The group action

Let E be a nonempty finite set, g a positive integer and let G be a
finite group acting on E.

Notation. For every g € G and for every f € C(E, q), we denote
by g - f the element of C(E, q) defined for every x € E by

(g-F)(x)=F(g"-x).

Proposition

The map G x C(E,q) — C(E,q) is a group action.
(&f) ~— g-f
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

The group action

Proof.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

The group action

Proof. Let f € C(E, q). For every x € E,

(L6 - )(x) = (15" - x) = f(x)

and therefore 1¢ - f = f.
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Group action on the set of colorings

Colorings and group theol . h
rings and group i Equivalence of two colorings

The group action

Proof. Let f € C(E, q). For every x € E,

(L6 - F)(x) = f(15" - x) = f(x)
and therefore 1¢ - f = f.

Let g€ G, g’ € G and f € C(E, q). For every x € E,

(g- (8" )x)=(¢ )( X)) =f(g7 (g7t X))
(g 'g™") - x) = f(gg") ™ %)
((gg) - )( )-

Hence (gg’)-f = g- (g’ - f). Q

8/23] Jérémy ALPACCA Coloring problems



. Group action on the set of colorings
Colorings and group theory . .
Equivalence of two colorings

Equivalent colorings

Definition (equivalent colorings)

Let E be a nonempty finite set, g a positive integer and G a finite
group acting on E.

We say that two colorings f € C(E, q) and f’' € C(E, q) are

equivalent if there exists g € G such that f' = g - f (that is,  and
f’ belong to the same orbit).
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Definition (equivalent colorings)

Let E be a nonempty finite set, g a positive integer and G a finite
group acting on E.

We say that two colorings f € C(E, q) and f’' € C(E, q) are
equivalent if there exists g € G such that f' = g - f (that is,  and
f’ belong to the same orbit).

v

Notation. Cg(E, q) := {orbits of C(E, q) under the action of G}.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Definition (equivalent colorings)
Let E be a nonempty finite set, g a positive integer and G a finite
group acting on E.

We say that two colorings f € C(E, q) and f’' € C(E, q) are
equivalent if there exists g € G such that f' = g - f (that is,  and
f’ belong to the same orbit).

v

Notation. Cg(E, q) := {orbits of C(E, q) under the action of G}.

~+ Goal. To determine |Cg(E, q)|.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Example. Let us go back to the domino |:|:| As before,

E={AB}"="[A]B] and { ,2}"="{ -, green}.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Example. Let us go back to the domino |:|:| As before,

E={AB}"="[A]B] and { ,2}"="{ -, green}.
Let 7 : E — E such that 7(A) = B, 7(B) = A, and G = {ldg, 7}.
Thus, G ~ E.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Example. Let us go back to the domino |:|:| As before,

E={AB}"="[A]B] and { ,2}"="{ -, green}.

Let 7 : E — E such that 7(A) = B, 7(B) = A, and G = {ldg, 7}.

Thus, G ~ E.
Maps i : E — {1,2} and , : E — {1,2} arenot
A = 1 A 2
B 1 B — 2
equivalent, but 3 : E — {1,2} and f» : E — {1,2}
A = 1 A — 2
B 2 B 1

are equivalent (because f3 = 7 - fy).
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Equivalent colorings

Example. Let us go back to the domino |:|:| As before,

E={AB}"="[A]B] and { ,2}"="{ -, green}.

Let 7 : E — E such that 7(A) = B, 7(B) = A, and G = {ldg, 7}.

Thus, G ~ E.
Maps i : E — {1,2} and , : E — {1,2} arenot
A = 1 A 2
B 1 B — 2
equivalent, but 3 : E — {1,2} and f» : E — {1,2}
A = 1 A — 2
B 2 B 1

are equivalent (because f3 = 7 - f4). Hence

Ce(E.q) = {[AL. 1AL 16D =" { (1], (1N I } -
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Burnside's lemma

Proposition (Burnside's lemma)

Let G be a finite group acting on a nonempty set X. Let Q denote
the set of orbits of the action.

1 .
Q| = Gl > [Fix(g)|

geG

where for all g € G, Fix(g) = {x € X | g - x = x}.
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

Burnside's lemma

Proposition (Burnside's lemma)

Let G be a finite group acting on a nonempty set X. Let Q denote
the set of orbits of the action.

Q Fix(g
2] = g 3 IFinte

geG

where for all g € G, Fix(g) = {x € X | g - x = x}.

With the notation of the previous proposition, we have

Z |Stabg (x

XGX
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.

Notation. C(E, q)(g) := Fix(g) ={f € C(E,q) | g -f =f}.
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.

Notation. C(E, q)(g) := Fix(g) ={f € C(E,q) | g -f =f}.

Proposition

An element f € C(E, q) belongs to C(E, q)(g) if and only if it is
constant on each g-orbit.
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.

Notation. C(E, q)(g) := Fix(g) ={f € C(E,q) | g -f =f}.

Proposition

An element f € C(E, q) belongs to C(E, q)(g) if and only if it is
constant on each g-orbit.

Proof. If f € C(E, q)(g), then for all x € E, f(g~! - x) = f(x), so
fg - x) = f(x).
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.

Notation. C(E, q)(g) := Fix(g) ={f € C(E,q) | g -f =f}.

Proposition

An element f € C(E, q) belongs to C(E, q)(g) if and only if it is
constant on each g-orbit.

Proof. If f € C(E, q)(g), then for all x € E, f(g~! - x) = f(x), so
f(g-x)="f(x).

By induction, for all m € Z and x € E, f(g™ - x) = f(x). Thus for
each x € E, f is constant on w = {g™ - x | m € Z}.
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

Characterization of C(E, q)(g) in terms of g-orbits

Let E be a nonempty finite set, g a positive integer, G a finite
group acting on E and g € G.

Notation. C(E, q)(g) := Fix(g) ={f € C(E,q) | g -f =f}.

Proposition

An element f € C(E, q) belongs to C(E, q)(g) if and only if it is
constant on each g-orbit.

Proof. If f € C(E, q)(g), then for all x € E, f(g~! - x) = f(x), so
f(g-x)="f(x).

By induction, for all m € Z and x € E, f(g™ - x) = f(x). Thus for
each x € E, f is constant on w = {g™ - x | m € Z}.

If f is constant on each g-orbit, then for all x € E, x and g1 - x lie

in the same g-orbit, so (g1 - x) = f(x). Hence, g - f = f. a
®ype  Jérémy ALPACCA | Coloring problems



Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

A formula for |Cg(E, q)|

|Ce(E, q)

|G\Z"

geiG

where for all g € G, r(g) is the number of g-orbits.
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Group action on the set of colorings

Colorings and group theory Equivalence of two colorings

A formula for |Cg(E, q)|

|C6(E, q)| |G‘Zq
geiG

where for all g € G, r(g) is the number of g—orbits.

Proof. By Burnside's lemma, |Cg(E, q)| |G| Z |C(E, q)(
geiG
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

A formula for |Cg(E, q)|

|C6(E, q)| |G‘Zq
geiG

where for all g € G, r(g) is the number of g—orbits.

Proof. By Burnside's lemma, |Cg(E, q)| |G| Z |C(E, q)(
geiG

Fix g € G and f € C(E, q). We know that f € C(E, q)(g) if and
only if f is constant on each g-orbit.
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Group action on the set of colorings
Equivalence of two colorings

Colorings and group theory

A formula for |Cg(E, q)|

|C6(E, q)| |G‘Zq
geiG

where for all g € G, r(g) is the number of g—orbits.

Proof. By Burnside's lemma, |Cg(E, q)| |G| Z |C(E, q)(
geiG

Fix g € G and f € C(E, q). We know that f € C(E, q)(g) if and
only if f is constant on each g-orbit. For each g-orbit, we have g
possible choices of colors. Therefore,

|C6(E,q)(g)| =g x...xq=q"8.
(g)ti
r(g) times
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The roulette wheel

. h The necklace
Some classical coloring problems

The roulette wheel

Consider a roulette wheel divided into n sectors and g available
colors.
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The roulette wheel
The necklace

Some classical coloring problems

The roulette wheel

Consider a roulette wheel divided into n sectors and g available
colors.

rotation
~ A
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The roulette wheel
The necklace

Some classical coloring problems

The roulette wheel

Consider a roulette wheel divided into n sectors and g available
colors.

rotation
~ A

Goal. Determine the number of distinct colorings.
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The roulette wheel
The necklace

Some classical coloring problems

The roulette wheel

Consider a roulette wheel divided into n sectors and g available
colors.

rotation
—

Goal. Determine the number of distinct colorings.

~> ldea. Identify sectors of the wheel with vertices of a regular
n-gon.
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

2
e G = (r) where r is the rotation about O and angle -,
n

~ |G| = n.
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

e G = (r) where r is the rotation about O and angle 2%
~ |G| = n.

o £ = {vertices of the n— gon}.

e G E.
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

e G = (r) where r is the rotation about O and angle 2%
~ |G| = n.

o £ = {vertices of the n— gon}.

e G E.

Fix g € G. A g-orbit is an orbit under the action (g) ~ E. First,
|(g)| = o(g). Second, for all S € E, |Stabz(S)| = 1.
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

e G = (r) where r is the rotation about O and angle 2%
~ |G| = n.

o £ = {vertices of the n— gon}.

e G E.

Fix g € G. A g-orbit is an orbit under the action (g) ~ E. First,
|(g)| = o(g). Second, for all S € E, [Stabg(S)| = 1. Thus,

1 1 n
r(g) = el > [Stabgy(S) = o d 1= ol

SeE SeE
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

We have

1 _n_

= — o(g)

Co(Esq)l == > a7,
geaG
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

We have

1 _n_

= — o(g)

Co(Esq)l == > a7,
geaG

However, by Lagrange's theorem, for every g € G, o(g) divides n.
For each positive divisor d of n, the number of elements of order d
in G is equal to ¢(d) where

o(d) = |{ke{1,...,d} | gcd(k,d) = 1}|.
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The roulette wheel

. h The necklace
Some classical coloring problems

Reformulation via group actions

We have

1 _n_

= — o(g)

Co(Esq)l == > a7,
geaG

However, by Lagrange's theorem, for every g € G, o(g) divides n.
For each positive divisor d of n, the number of elements of order d
in G is equal to ¢(d) where

o(d) = |{ke{1,...,d} | gcd(k,d) = 1}|.

Therefore,

Ca(E,q) = + 3 pld)as.
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The roulette wheel

. h The necklace
Some classical coloring problems

An example

If n =g =3, we have 11 distinct colorings of the wheel.
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The roulette wheel

. h The necklace
Some classical coloring problems

An example

If n =g =3, we have 11 distinct colorings of the wheel.

OO0 P&
PP ®
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The roulette wheel

. h The necklace
Some classical coloring problems

An example

If n =g =3, we have 11 distinct colorings of the wheel.

OO0 P&
PP ®

With the previous formula, we have

]. 3 3
Co(E,q)l =3 ) _p(d)37 = 3(3° +6) =11
d|3
d>0
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The roulette wheel

. : The necklace
Some classical coloring problems

The necklace

Consider a necklace with n beads of the same size and ¢ available
colors.
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The roulette wheel

. : The necklace
Some classical coloring problems

The necklace

Consider a necklace with n beads of the same size and ¢ available
colors.

rotation
~ A

o

=0
=
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The roulette wheel

. : The necklace
Some classical coloring problems

The necklace

Consider a necklace with n beads of the same size and ¢ available
colors.

rotation
~ A

o

=0
=

Goal. Determine the number of distinct colorings.
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The roulette wheel

. : The necklace
Some classical coloring problems

Reformulation via group actions

~- Idea. |dentify beads of the necklace with vertices of a regular
n-gon.
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The roulette wheel

. : The necklace
Some classical coloring problems

Reformulation via group actions

~- Idea. |dentify beads of the necklace with vertices of a regular
n-gon.

G = D, (dihedral group), E = {vertices of the n — gon}.
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The roulette wheel

. : The necklace
Some classical coloring problems

Reformulation via group actions

~- Idea. |dentify beads of the necklace with vertices of a regular
n-gon.

G = D, (dihedral group), E = {vertices of the n — gon}.
~ |G| =2nand G ~ E.
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The roulette wheel

. : The necklace
Some classical coloring problems

Reformulation via group actions

19/23

~- Idea. |dentify beads of the necklace with vertices of a regular
n-gon.

G = D, (dihedral group), E = {vertices of the n — gon}.
~ |G| =2nand G ~ E.

The number of orbits of a rotation of order d (where d | n) is g
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The roulette wheel

. : The necklace
Some classical coloring problems

Reformulation via group actions

~- Idea. |dentify beads of the necklace with vertices of a regular
n-gon.

G = D, (dihedral group), E = {vertices of the n — gon}.
~ |G| =2nand G ~ E.

The number of orbits of a rotation of order d (where d | n) is g

The situation is different for reflections.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 1: nis odd

Suppose that n =2m — 1 for some positive integer m.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 1: nis odd

Suppose that n =2m — 1 for some positive integer m.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 1: nis odd

20/23

Suppose that n =2m — 1 for some positive integer m.

Thus, each reflection has one orbit of size 1 and m—1=(n—1)/2
orbits of size 2. Hence, each of the n reflections has a total of
(n+1)/2 orbits.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 1: nis odd

Suppose that n =2m — 1 for some positive integer m.

Thus, each reflection has one orbit of size 1 and m—1=(n—1)/2
orbits of size 2. Hence, each of the n reflections has a total of
(n+1)/2 orbits.

n+1

1 s an
Ce(E.q)l =5 | D_w(d)qd +nq
d|n

d>0

If nis odd,
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 2 : nis even

Suppose that n = 2m for some positive integer m.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 2 : nis even

Suppose that n = 2m for some positive integer m.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 2 : nis even

Suppose that n = 2m for some positive integer m.

Thus, we have m = n/2 reflections; each having two orbits of size
1 and m — 1 orbits of size 2, that is, a total of m+ 1= (n+2)/2
orbits; and m = n/2 reflections, each having m orbits of size 2.
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The roulette wheel

. : The necklace
Some classical coloring problems

Case 2 : nis even

Suppose that n = 2m for some positive integer m.

Thus, we have m = n/2 reflections; each having two orbits of size
1 and m — 1 orbits of size 2, that is, a total of m+ 1= (n+2)/2
orbits; and m = n/2 reflections, each having m orbits of size 2.

1 n n n
f nis even, |C(E,q)| = 5= | D (d)aé + 595 + 245
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An example

If n=4 and g = 2, we have 6 distinct colorings of the necklace.
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An example

If n=4 and g = 2, we have 6 distinct colorings of the necklace.

O OO
OO0
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An example

If n=4 and g = 2, we have 6 distinct colorings of the necklace.
With the previous formula, we have

1
Ce(Eva)l =5 | Doe(d)2s +2x 2% +2x 2

d|4
d>0

1
:§(16+4+4+16+8):6.
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Thank u for yvour attention
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